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Introduction
Let X be a smooth projective variety over a field k and denote by CHn(X)
the group of codimension n cycles modulo rational equivalence on X . The
structure of this group is largely unknown when n ≥ 2, especially when k is a
“large” field such as the complex numbers. Beginning with the work of Bloch
[Bl3] and Beauville [Be1,2], the Chow ring of an abelian variety was found
to have some structure arising from a filtration defined using Pontryagin
products or the Fourier transform. In recent years, several people (Beilinson,
Bloch, Murre, Nori, S. Saito, H. Saito; see [B1], [Bl4], [Mu], [N], [S1], [SH])
have made conjectures asserting the existence of certain filtrations on the
Chow groups of any smooth projective variety. These conjectures would
imply that the Chow groups have much more structure than has been hitherto
uncovered. In this paper we define and study a filtration arising from the
cycle map into l-adic e´tale cohomology. It is somewhat arithmetic in nature
because it is necessary to first define it over a field which is finitely generated
over its prime subfield. For varieties over larger fields, it may be defined by
passing to the limit over finitely generated subfields. Others have studied
∗Research supported by the National Science Foundation and the National Security
Agency
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this filtration, in particular Beauville (unpublished) and Jannsen (see [J4]).
With their permission, I have included some of their results in this paper.
Each of the filtrations defined so far has its advantages and disadvantages.
The conjectural filtration of Beilinson arising from a spectral sequence relat-
ing extensions of mixed motives and motivic cohomology would imply many
outstanding and deep conjectures about algebraic cycles. We will not re-
peat this story in detail here since it is treated very clearly in the paper of
Jannsen [J4]. The conjectural filtration of Murre is known to exist in some
cases, and it would also imply some of these conjectures, but to establish its
existence in general appears to require the resolution of some very difficult
conjectures. The filtrations of H. Saito and S. Saito are defined in a very
explicit way, but it seems difficult to do specific calculations. The filtration
in this paper has the advantage that it may be “computed” in some cases,
and the powerful tools of arithmetic algebraic geometry may be brought to
bear on it. However, it has two basic disadvantages. First, it is not at all
obvious that it is independent of l. Second, suppose X is defined over a field
k which is finitely generated over its prime subfield and l is a prime number
different from the characteristic of k. Jannsen [J1] has defined a cycle map
into continuous e´tale cohomology (see §1):
cn : CH
n(X)⊗Q→ H2n(X,Ql(n)).
The following is a more general version of a conjecture first made by Soule´
over finite fields and by Jannsen and the author over number fields:
Conjecture: cn is injective.
This is known when n=1 (a consequence of the finite generation of CH1(X)),
but except for special classes of varieties, we have little information for n ≥ 2.
The Hochschild-Serre spectral sequence:
Hr(k,Hq(X,Ql(n))) =⇒ H
r+s(X,Ql(n))
defines a filtration on H2n(X,Ql(n)), which we pull back to CH
n(X) ⊗ Q
via the cycle map cn. We call this the l-adic filtration on CH
n(X)⊗Q. By
definition, the kernel of the cycle map is contained in all the steps of the
filtration. For this reason, until we have more information on this kernel, we
2
can only get results about the filtration modulo the kernel. We can define
another filtration F•CHn(X)⊗Q on the image of the cycle map by taking
the intersection with the filtration obtained from the Hochschild-Serre spec-
tral sequence. It is really this filtration about which we can say something.
In section 2 of this paper we refine the cycle map cn to get higher l-adic
Abel-Jacobi maps from certain parts of the Chow group to Galois cohomology
groups. For example, suppose that n=dim X and let A0(X) denote the group
of zero-cycles of degree zero modulo rational equivalence. Let Alb(X) be the
group of k-points of the Albanese variety of X and T (X) the kernel of the
Albanese map:
A0(X)→ Alb(X).
Then we define a map:
d2n : T (X)⊗Q→ H
2(k,H2n−2(X,Ql(n))).
This map generalizes the l-adic Abel-Jacobi map of Bloch [Bl1], which in this
case is essentially the map obtained from Kummer theory on Alb(X) (see §2
for more details).
For the results of this paper we will need to assume that if X is a smooth
projective variety over a local field k with ring of integers O, then X has a
regular proper model over O. Assuming this, the main result of this paper is:
Theorem 0.1: Let k be a function field in one variable over a finite field of
characteristic p 6= l and X a smooth projective variety of dimension n over
k. Then the map d2n is zero.
Since a global field is of cohomological dimension 2 for Ql-cohomology, we
have:
Corollary: For X as above of dimension n, we have F iCHn(X) ⊗ Q = 0
for all i ≥ 2.
The following remarks may help clarify the meaning of these results. First
of all, Beilinson and Bloch have made the conjecture that if k is a global field
and X is a smooth projective variety over k then the Albanese kernel T (X)
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is a torsion group. Thus the theorem provides “evidence” for this conjecture
for k a global field of positive characteristic by showing that the cycle classes
of elements of T (X) in H2n(X,Ql(n)) are trivial. This should be true for k a
number field as well, but we can only prove it when H2n−2(X,Ql(n)) is gen-
erated by the cohomology classes of algebraic cycles. In this case, Beauville
showed me an easy proof which works over any field.
One of the key technical tools in this paper is the theory of continuous
l-adic e´tale cohomology and the Hochschild-Serre spectral sequence relating
the cohomology of a variety X over a field k with the cohomology over a sep-
arable closure k (see §1). Such spectral sequences do not exist in general for
the usual l-adic cohomology defined by taking the inverse limit of cohomol-
ogy with finite coefficients. Also, we rely on results of Jannsen on the Galois
cohomology of global fields with coefficients in l-adic cohomology groups of
algebraic varieties over k [J2]. Another key ingredient is Thomason’s purity
theorem for Ql-cohomology of schemes of finite type over the ring of integers
in a local field of residue characteristic different from l [T]. This enables us
to construct cycle maps over rings of integers of local fields.
The l-adic Abel-Jacobi maps din were discovered independently (and ear-
lier) by Beauville and by Jannsen, who has also given a specific description
of the map d2n in terms of extension groups [J3].
At least for X smooth over a field, CH∗(X) ⊗Q ∼= K0(X) ⊗Q, and so
the l-adic filtration may also be viewed as a filtration on K0(X)⊗Q. There
are Chern class maps:
Kj(X)⊗Q→
⊕
i,j
H2i−j(X,Ql(i))
which one can hope are injective over an absolutely finitely generated field.
These can be used to define similar filtrations on all K-groups. We hope to
develop this line of investigation further in another paper.
I would like to thank U. Jannsen for explaining some of his unpublished
results to me and allowing me to include some of them in this paper. J.-L.
Colliot-The´le`ne listened to and helped me with several points in this paper,
especially Proposition 3.2. A. Beauville informed me that one can easily
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prove that the l-adic filtration is of length at most n on CHn modulo the
kernel of the cycle map. He also showed me a much simpler proof than the
one I had originally proposed of the triviality of the higher Abel-Jacobi map
in the case where the cohomology of X is generated by the classes of alge-
braic cycles. I am grateful to him for allowing me to include these here. The
referee made several helpful comments which have improved the exposition.
Finally, I would like to thank K. Paranjape and S. Saito for useful discussions.
During the long period of thinking about and writing this paper, I en-
joyed the hospitality of the Max-Planck Institut fu¨r Mathematik in Bonn,
Universita¨t zu Ko¨ln, Universita¨t Mu¨nster, Universite´ de Paris-Sud and the
CRM of the Universitat Auto`noma de Barcelona. During my one-week visits
to the aforementioned German universities, I was supported by the Deutsche
Forschungsgemeinschaft.
1 Notation and Preliminaries
We denote by X a smooth, projective, geometrically connected variety over
a field k and l a prime number different from char.k. Let k be a separable
closure of k and G = Gal(k/k), X = X ×k k. If k is a global field and
S is a finite set of places of k, GS denotes the Galois group of a maximal
extension of k which is unramified outside S. For X a noetherian scheme,
we denote by CHn(X ) the Chow group of codimension n cycles modulo
rational equivalence. For X proper and geometrically connected over a field,
CH0(X) is the group of zero-cycles modulo rational equivalence and A0(X)
the group of zero-cycles of degree zero modulo rational equivalence. The
group of k-points of the Albanese variety of X will be denoted by Alb(X)
and α : A0(X) → Alb(X) denotes the Albanese map. We denote the kernel
of this map by T (X).
If M is an abelian group upon which G acts continuously, we denote the
continuous Galois cohomology groups of G with values in M by H∗(k,M)
(see §1 for a definition of these groups). The subgroup of M consisting of
elements killed by lm is denoted by Mlm and
TlM = lim
←
m
Mlm .
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We set VlM = TlM ⊗Zl Ql. As usual, we denote by Zl(1) the l-adic sheaf of
l-primary roots of unity. For n > 0,Zl(n) denotes Zl(1)
⊗n; for n < 0,Zl(n) =
Hom(Zl(−n),Zl). We use similar notation for Ql-sheaves.
Let X be a smooth variety over a field k and l a prime number different from
the characteristic of k. Jannsen has defined a cycle map [J1]:
CHn(X)⊗Q→ H2n(X,Ql(n)),
where the group on the right is the continuous l-adic cohomology group with
values in the l-adic sheaf Ql(n). We briefly recall the definition of these
groups. Let (Fm) be a projective system of sheaves of Z/l
m-modules on X .
The functor which sends (Fm) to
lim
←
m
H0(X, (Fm))
is left exact, and we define H i(X, (Fm)) to be the i-th right derived functor.
When the inverse system is Z/lm(j), we denote these groups by H i(X,Zl(j)).
Continuous e´tale cohomology with Ql-coefficients is defined by tensoring the
Zl-cohomology with Ql.
We shall need the following properties of this cohomology which can be found
in Jannsen’s paper [J1].
(i) There is an exact sequence:
0→ lim
←
m
1H i−1(X, (Fm))→ H
i(X, (Fm))→ lim
←
m
H i(X,Fm)→ 0.
In particular, if H i(X,Z/lm(j)) is finite for all i and m then
H i(X,Zl(j))→ lim
←
m
H i(X,Z/lm(j))
is an isomorphism. This is true if, for example, k is separably closed, finite
or local. This is not true in general if k is a number field.
(ii) Let k be a separable closure of k, G = Gal(k/k) and X = X ×k k. Then
there is a Hochschild-Serre spectral sequence:
Ep,q2 = H
p(G,Hq(X,Zl(j))) =⇒ H
p+q(X,Zl(j)).
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Theorem 1.1 (Jannsen): Let X be a smooth projective variety over a field
k. Then the Hochschild-Serre spectral sequence with Ql-coefficients degen-
erates at E2.
Since this result has not been published, let us indicate the ingredients in
the proof. The idea is to use Deligne’s criterion for a spectral sequence to
degenerate [D1]. In order to use this in this situation, one needs a good
derived category of Ql-sheaves. One cannot use Deligne’s definition given in
([D2], 1.1.2d) because the cohomology groups with finite coefficients need not
be finite. Jannsen has given a good definition of such a derived category in
the general case. Once this is done one applies the Hard Lefschetz Theorem
to satisfy Deligne’s criterion. Ekedahl has published another definition of the
derived category of Ql-sheaves [E], and this should also suffice to prove the
degeneration of the Hochschild-Serre spectral sequence.
2 The l-adic filtration
From the Hochschild-Serre spectral sequence for continuous cohomology:
Ep,q2 = H
p(k,Hq(X,Ql(n))) =⇒ H
p+q(X,Ql(n)),
we get a filtration on H2n(X,Ql(n)):
H2n(X,Ql(n)) = F
0 ⊃ F 1 ⊃ ... ⊃ F 2n
and F i/F i+1 = Ei,2n−i∞ .
Definition 2.1: Let X be a smooth, projective, geometrically connected
variety over a field k which is finitely generated over its prime subfield. Then
we define:
F iCHn(X)⊗Q = c−1n [F
iH2n(X,Ql(n))],
where cn is the cycle map (see §1).
If k is not finitely generated, we define:
F iCHn(X)⊗Q = lim
→
L
F iCHn(XL)⊗Q,
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where L runs over all finitely generated fields contained in k for which X has
a model over L.
Finally, set
F iCHn(X)⊗Q = Image cn ∩ F
iH2n(X,Ql(n)).
Of course, a priori F•CHn(X) ⊗Q is only a filtration on the image of the
cycle map.
Let X be defined over a field L which is finitely generated over the prime
subfield. By the definition of the filtration on CHn(X) ⊗ Q and the de-
generation of the Hochschild-Serre spectral sequence (Theorem 1.1), we get
maps:
din : F
iCHn(X)⊗Q→ H i(k,H2n−i(X,Ql(n)))
which we call the higher l-adic Abel-Jacobi mappings. For X over arbitrary
k, we define the higher Abel-Jacobi map as the limit of the maps defined
above for XL, where L runs over finitely generated subfields of k over which
X has a model.
When i=1, these are the l-adic Abel-Jacobi mappings defined by Bloch [Bl1].
When n = dimX , this is the Albanese map followed by the map given by
Kummer theory for Alb(X), as we now explain.
Let A0(X) be the subgroup of CH
n(X) consisting of cycles of degree zero
and let Alb(X) denote the group of k-points of the Albanese variety of X .
Consider the Albanese map
α : A0(X)→ Alb(X)
and its kernel T (X). Then we have a commutative diagram with exact rows:
0 → F 2 → F 1 → H1(k,H2n−1(X,Q(n))) → 0
f ↑ ↑ ↑
0 → T (X)⊗Q → A0(X)⊗Q → Alb(X)⊗Q → 0
.
Here the right vertical map is given as follows. By Poincare´ duality and the
Weil pairing, we have an isomorphism:
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H2n−1(X,Ql(n))
∼= Vl(Alb(X)),
where Vl denotes the Tate Ql-vector space of Alb(X). Then the right vertical
map is defined by doing Kummer theory modulo lm on Alb(X), passing to
the inverse limit over m and tensoring with Ql. The commutativity of the
right square is proved in the appendix to this paper. This induces the map
f . Composing f with the map obtained from the spectral sequence:
F 2 → E2,2n−2∞ ,
we get a map
d2n : T (X)⊗Q→ H
2(k,H2n−2(X,Ql(n))).
Remarks 2.1.1: (i) It would be interesting to find a complex analytic ana-
logue of the maps din. Of course, d
1
n may be defined in the complex category
as the Abel-Jacobi map of Griffiths. The target group of our din may be
reinterpreted as ExtiQ
l
(Ql, H
2n−i(X,Ql(n))) in the category of continuous
Galois modules. The complex analogue of this is ExtiMHS(Q, H
2n−i(X,Q)),
whereMHS denotes the category of mixed Hodge structures. For i = 1, this
works fine, as it is well-known that Ext1MHS(Z, H
2n−1(X,Z)) for X/C is the
intermediate Jacobian of Griffiths. Unfortunately, all the higher Ext-groups
are zero. Several people have suggested taking extensions in a suitable cate-
gory of variations of Hodge structure.
(ii) The filtration FB of S. Saito (see [Sa3], Definition (1-4)) is contained in
the l-adic filtration. It is not clear to me whether this is the case for the
filtration FBM defined in (loc. cit. Definition (1-5)). For much more on the
relations between various filtrations, see the paper of Jannsen [J4].
(iii) The l-adic Abel-Jacobi maps defined above have a conjectural mixed
motivic interpretation. Recall that there are motivic cohomology groups
with Q-coefficients H iM(X,Q(j)) with
H2nM(X,Q(n)) = CH
n(X)⊗Q.
These may be defined by:
H iM(X,Q(n)) = gr
n
γK2n−i(X)⊗Q,
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where γ denotes the gamma filtration in algebraic K-theory (here it is crucial
that we are dealing with Q-coefficients because the integral theory is much
less developed). Beilinson [B1] has made the conjecture that these groups
have a canonical filtration coming from a spectral sequence:
ExtpMM(Q, H
q(X,Q(j))) =⇒ Hp+qM (X,Q(j)).
Here the subscript MM denotes the conjectural category of mixed motives
on X and the Ext is taken in this category. The maps given above are in
some sense “l-adic realizations” of the corresponding maps obtained from this
conjectural spectral sequence. This point of view is very useful for learning
what to expect. In fact, if Beilinson’s conjecture on the existence of filtra-
tions on Chow groups ([B1], [J4]) is true, then the filtration defined in this
paper must agree with his (see [J4], Lemma 2.7).
We now prove some basic results on these filtrations.
Proposition 2.2 (Beauville): For X as above, we have
F n+jCHn(X)⊗Q = F n+1CHn(X)⊗Q
for all j ≥ 1.
Proof: It suffices to show that the higher Abel-Jacobi maps din are zero for
i > n. To prove this, let d be the dimension of X and let Y be a smooth
hyperplane section of X . Then the diagram:
F n+jCHn(X)⊗Q → Hn+j(k,Hn−j(X,Ql(n)))
↓ ↓
F n+jCHd+j(X)⊗Q → Hn+j(k,H2d−n+j(X,Ql(d+ j)))
is commutative. Here the left vertical arrow is given by intersecting cycles on
X with the class of the (d+ j − n)-fold intersection of Y with itself, and the
right vertical arrow is given by cupping (d+ j−n)-times with the class of Y
in H2(X,Ql(1)). This commutativity is easily seen from the compatibility of
the Hochschild-Serre spectral sequence and the cycle map with intersection
products ([J1], Lemma 6.14). Now since j ≥ 1, the bottom left group is
zero. But the right vertical arrow is an isomorphism by the Hard Lefschetz
Theorem, and hence the image of the top horizontal arrow is trivial. This
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proves the propostion.
Recall that the cohomology group H i(X,Ql) is said to be algebraic if it is
generated by Tate twists of cohomology classes of algebraic cycles. Thus if i
is odd, this means that the group is zero, and if i = 2j is even then the cycle
map:
CHj(X)⊗Ql → H
2j(X,Ql(j))
is surjective (we keep the Tate twists because we will need them later). A
basic conjecture of Bloch ([Bl2], Conjecture 0.4 in the case of surfaces) pre-
dicts that if X is defined over C and the cohomology of X is supported on
codimension 1 subschemes, then the Albanese map:
α : A0(X)→ Alb(X)
is an isomorphism. We now give an argument of Beauville to show how a
weaker form of this conjecture is implied by the conjecture on injectivity of
the cycle map for varieties over finitely generated fields (see the introduction
to this paper).
Proposition 2.3 (Beauville): Let X be a smooth projective variety of di-
mension d over a field k. Let i be a positive integer and assume that the
cohomology groups H2n−2i(X,Ql(i)) and H
2d−2n+2i(X,Ql(d − n + i)) are
generated by algebraic cycles. Then the map:
F 2iCHn(X)⊗Q→ H2i(k,H2n−2i(X,Ql(n)))
is zero.
Proof: First note that for any finite extension L/k, the natural map:
H2i(k,H2n−2i(X,Ql(n)))→ H
2i(L,H2n−2i(X,Ql(n)))
is injective because its kernel is killed by [L : k]. By the algebraicity assump-
tion, there is a finite extension L/k over which G = Gal(k/L) acts trivially
on H2n−2i(X,Ql(n− i)) and on H
2d−2n+2i(X,Ql(d − n + i)). Thus we may
and do assume that Gal(k/k) acts trivially on these groups. Let Y1, ...Yν
be codimension d − n + i cycles on X whose cohomology classes ξ1, ..., ξν
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form a basis for H2d−2n+2i(X,Ql(d− n + i)). Then the following diagram is
commutative:
F 2iCHn(X)⊗Q → H2i(k,H2n−2i(X,Ql(n)))
↓ ↓
[F 2iCHd+i(X)⊗Q]ν → [H2i(k,H2d(X,Ql(d+ i)))]
ν
.
Here the left vertical arrow is given by intersecting with the class of Yj on
the j-th factor. The right vertical arrow is given by cupping with the class
of ξj on the j-th factor; it is an isomorphism by the assumption that the co-
homology is algebraic and Galois acts trivially on H2n−2i(X,Ql(n− i)). The
commutativity is easily established by the compatibility of the Hochschild-
Serre spectral sequence and the cycle map with intersection product. Now
the bottom left group is zero if i ≥ 1. Hence the top horizontal map is zero.
This completes the proof of the proposition.
Corollary 2.4: Let X be a smooth projective variety of dimension d over an
algebraically closed field k. assume that for d ≤ i ≤ 2d− 2, the cohomology
group H i(X,Ql) is algebraic. Let K be a finitely generated field of definition
of X and assume that the cycle map:
cd : CH
d(XM)⊗Q→ H
2d(XM ,Ql(d))
is injective over any finitely generated field M containing K. Then the Al-
banese map:
α : A0(X)→ Alb(X)
is an isomorphism. In particular, if k = C andX is a surface withH0(X,Ω2X) =
0, then injectivity of the cycle map c2 over all finitely generated fields con-
taining K implies Bloch’s conjecture.
Proof: Let a be in the kernel of α. Then a is defined over some finitely
generated field M . The assumption on injectivity of the cycle map implies
that the maps:
F iCHd(XM)⊗Q→ H
i(M,H2d−i(X,Ql(d)))
are injective. If i ≥ 2 then the assumption that the cohomology is algebraic
and Proposition 2.3 imply that the map is zero. When i = 1, the map may
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be identified with α over M followed by Kummer theory for Alb(XM ) (see
the appendix to this paper). Hence α is injective up to torsion. But by
Roitman’s theorem [Ro], [M2], the kernel of α has no torsion, so it is zero.
The last statement follows immediately from the exponential sequence, Serre
duality and the comparison theorem between singular and e´tale cohomology.
Remark 2.4.1: This result should be true under the weaker hypothesis that
for each d ≤ i ≤ 2d − 2, the cohomology group H i(X,Ql) is supported on
codimension one subschemes. This is Bloch’s conjecture in the general case.
Proposition 2.5: Let X be a smooth, projective variety over a field k which
is finitely generated over its prime subfield and l a prime number different
from the characteristic of k. Then the image of the cycle map:
cn : CH
n(X)⊗Ql → H
2n(X,Ql(n))
is a finite dimensional Ql-vector space.
Proof: There exist an open subset U of SpecZ[1/l], a regular ring A of finite
type and smooth over U with fraction field k, and a smooth proper scheme
X over A with generic fibre X . There is a cycle map:
CHn(X )⊗Ql → H
2n(X ,Ql(n))
(see e.g. ([S2], Lemma 5.3) or Proposition 2.9 below). Now H2n(X ,Ql(n))
is a finite dimensional Ql vector space (see e.g. [CT-R], Proof of The´ore`me
1.1, (d)) and since the map
CHn(X )⊗Ql → CH
n(X)⊗Ql
is surjective, we get the proposition.
Corollary 2.6: With hypotheses as in Proposition 2.5, for any nonnegative
integer i, the image of the higher l-adic Abel-Jacobi map:
F iCHn(X)⊗Ql → H
i(k,H2n−i(X,Ql(n)))
is a finite dimensional Ql vector space.
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Proposition 2.5 and Corollary 2.6 are not very refined results since their
proofs only use the existence of a smooth proper model of X over an open
subset of a model of k over an open subset of SpecZ. In order to get finer
results, we need to assume the existence of a regular proper model Y of
k over Z together with a regular proper model of X over Y . In the rest
of this section we assume we have such models. Our philosophy is that
the image of the higher Abel-Jacobi map din lies in the unramified part of
H i(k,H2n−i(X,Ql(n))), in the following sense.
Definition 2.7: Let k be a field which is finitely generated over its prime
subfield, l a prime number which is invertible in k and Y a regular proper
model of k over Z. Let F be an l-adic sheaf on Y . We denote by H inr(k, F )
(l)
the Ql-vector space:
Ker[H i(k, F )→
∏
y∈Y1′
H i+1y (Ay, F )].
Here Y1′ is the set of codimension one points of Y which do not lie above l
and Ay is the valuation ring of y. By abuse of notation, we also denote by
F the sheaves on k and Ay induced by F . If F is a locally constant sheaf
and l is invertible on Y , it follows easily from purity that this is the usual
definition of unramified cohomology (see [CT-O], for example).
Now let X be a smooth projective variety over k. Assume that we have
a regular proper scheme Y over Z[1/l] with function field k and a regular
proper scheme X together with a morphism:
f : X → Y
whose generic fibre is X/k. We consider the l-adic sheaf F = R2n−if∗Ql(n),
which is locally constant on the smooth locus of f , and we can define the
unramified cohomology of k with values in this sheaf. Then we have:
Conjecture 2.8: With notation as above, the image of the higher Abel-
Jacobi map din is contained in H
i
nr(k, F )
(l).
Remark 2.8.1: In the definition of unramified cohomology and the conjec-
ture, we have ignored points of Y lying above l, not because we don’t think
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these are important, but rather because we are unable to formulate an intel-
ligent conjecture on the image of the Abel-Jacobi map at these places. What
is needed is a higher dimensional analogue of the finite part, exponential part
and geometric part of Bloch-Kato [BK]. This will involve l-adic cohomology
over a complete discretely valued field with nonperfect residue field of char-
acteristic l, and this is not very well developed at the moment.
Another way to formulate Conjecture 2.8 is that the filtration on the Chow
groups defined in 2.1 should extend to X . We define this filtration using the
following result:
Proposition 2.9: Let R be a ring which is of type (i), (ii) or (iii) below:
(i) of finite type over Z
(ii) a localization of a ring as in (i)
(iii) the henselization of a ring as in (ii)
Let X be a regular scheme of finite type over R and assume that l is invertible
on X . Then there is a cycle map:
cn : CH
n(X )→ H2n(X ,Ql(n)).
Proof: Thomason [T] has proved a purity theorem for Ql-cohomology of
such schemes, and then the existence of a cycle map may be proven by copy-
ing the proof in e.g. ([M1], Chapter VI, §6).
Definition 2.10: Let f : X → Y be a proper morphism of schemes of finite
type over a ring R as in 2.9 and l a prime number invertible on Y . Then we
have the Leray spectral sequence for continuous cohomology ([J1], 3.10):
Hp(Y , Rqf∗Ql(n)) =⇒ H
p+q(X ,Ql(n)).
This defines a filtration on H2n(X ,Ql(n)) which we can pull back to
CHn(X )⊗Q via cn. We denote the resulting filtration F
•CHn(X )⊗Q. Of
course, this filtration may depend on Y , but this will be fixed in what follows.
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The following is a properness conjecture for the filtration on a regular proper
scheme over a discrete valuation ring.
Conjecture 2.11: Let A be a discrete valuation ring as in 2.9(ii) or (iii) with
fraction field k and l a prime number invertible on A. Let X be a regular
proper scheme of finite type over A with generic fibre X . Then the natural
map:
F iCHn(X )⊗Q→ F iCHn(X)⊗Q
is surjective.
Proposition 2.12: With notation as in 2.11, assume that A is Henselian
and X is smooth over A. Then Conjecture 2.11 is true for X .
Proof: We need a lemma.
Lemma 2.13: Let A be a Henselian discrete valuation ring with fraction
field k and (Fm) a projective system of locally constant l-primary sheaves on
A. Then the natural map on continuous cohomology groups:
H i(A, (Fm))→ H
i(k, (Fm))
is injective.
Proof: Let s be the closed point of S = SpecA. For each m we have an
exact sequence:
(∗)...→ H i−1(k, Fm)
f
→ H is(A, Fm)→ H
i(A, Fm)→ H
i(k, Fm)→ ...
Now the second group in this sequence is isomorphic to H i−2(s, Fm(−1)) by
purity for locally constant sheaves on A. The map f is split surjective with
a splitting being given by the map (pi a uniformizing parameter of k):
H i−2(s, Fm(−1)) ∼= H
i−2(A, Fm(−1))
∪pi
→ H i−1(k, Fm).
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Hence the map obtained from f above by passing to the inverse limit over
m is surjective as well. A similar statement holds for the case of the map
lim
←
m
1H i−1(k, Fm)→ lim
←
m
1H i−2(s, Fm(−1)).
Then by the property (i) of continuous cohomology discussed in §1 above,
the map:
H i−1(k, (Fm))→ H
i−2(s, (Fm))
is surjective. Now there is a localization sequence like (*) above for continu-
ous cohomology with support and a purity theorem for the cohomology with
support in s ([J1], 3.8 and same argument as in Theorem 3.17 of that paper).
We conclude that the map
H i(A, (Fm))→ H
i(k, (Fm))
is injective. This completes the proof of the lemma.
Returning to the proof of the proposition, since X is smooth over A, the
sheaves Fi,m := R
if∗Z/l
m(n) are locally constant on A (smooth and proper
base change theorem), so the maps
Hj(A, (Fi,m))→ H
j(k, (Fi,m))
are injective. Then the Leray spectral sequence
Hp(A,Rqf∗(Fm)) =⇒ H
p+q(X , (Fm))
degenerates at E2 because it does so for X/k (Theorem 1.1). Now an easy
induction starting from the fact that the map
CHn(X )→ CHn(X)
is surjective proves the proposition.
Remarks 2.14: (i) When X is not smooth over A, it seems much more
difficult to prove properness of the filtration. In fact, it is not even known if
the map
F 1CHn(X )⊗Q→ F 1CHn(X)⊗Q
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is surjective. In Proposition 3.2 below we prove this when n = dimX , A is
Henselian and k with finite or separably closed residue field.
(ii) It should be possible to prove Proposition 2.12 for any discrete valuation
ring A using results of Gillet [Gi]. His method may be used to show that if
F is a locally constant sheaf on A with finite stalks, then the natural map:
H i(A, F )→ H i(k, F )
is injective. We need this for continuous cohomology. In some sense, our
result for Henselian rings is not what we really want because the fraction
field k is usually not finitely generated over the prime field. However, as will
be shown in §3, in practice the Henselian case is very helpful.
3 Reductions in the proof of the Main Theo-
rem
In this section we show how to reduce Theorem 0.1 to a Hasse principle for
Galois cohomology which has been proved in some cases by Jannsen. In
order to do this, we need some local considerations and, unfortunately, a
hypothesis:
Hypothesis 3.1: Let A be a discrete valuation ring with fraction field k and
X a smooth projective variety over k.
(Resolution of singularities) X has a regular proper model X over A.
Hypothesis 3.1 will be needed in order to have a cycle map for X (see Propo-
sition 2.9) and for Proposition 3.2 below.
The following result may be found in ([B1], Lemma 2.2.6(b)). We give some
of the details of the proof outlined there as well as the slight generalization
we require.
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Proposition 3.2: Let A be a Henselian discrete valuation ring with fraction
field k and residue field F which is of characteristic different from l. Assume
that F is either finite or separably closed. Let X be a smooth, projective,
geometrically connected variety of dimension n over k and ξ an element of
CHn(X) ⊗ Q of degree 0. Then there exists a finite extension L/k with
valuation ring B, a regular proper model X of XL over B and a cycle in
CHn(X )⊗Ql which restricts to ξL in CH
n(XL)⊗Ql and whose cohomology
class in H2n(X ,Ql(n)) is zero.
Proof: If ξ is a zero-cycle of degree zero on X , its cohomology class is trivial
inH2n(X,Ql(n)).We claim that its cohomology class is zero inH
2n(X,Ql(n)).
To see this, note that by Lemma 3.3 below, the group A0(X) is an extension
of a torsion group by a group which is divisible prime to the residue charac-
tersitic of k. Now the group H2n(X,Zl(n)) contains no nontrivial l-divisible
subgroup ([J1], Cor. 4.9). Thus the restriction of the integral cycle map to
cycles of degree zero:
A0(X)→ H
2n(X,Zl(n))
has torsion image, so the class of ξ in H2n(X,Ql(n)) is trivial, as claimed.
Assume for the moment that X is a curve. Let X be a regular proper model
of X over A with special fibre Y . There is a commutative diagram with exact
top row:
CH0(Y )⊗Ql → CH
1(X )⊗Ql → CH
1(X)⊗Ql → 0
↓ ↓
H2(X ,Ql(1)) → H
2(X,Ql(1))
.
The vertical maps are cycle maps and the top sequence is the exact sequence
for the Chow groups of a scheme, an open subscheme and its complement. By
Lemma 3.4 below, we can identify H2(X ,Ql(1)) with
(CH0(Y
F
)⊗Ql)
∗Gal(F/F), and the cycle map
CH1(X )⊗Q→ H2(X ,Ql(1))
constructed in Lemma 2.9 is given by intersecting with components of the
geometric special fibre. Here * denotes Ql-linear dual. Now the intersection
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pairing on CH0(Y )/[Y ] in X is nondegenerate, where [Y ] is the class of the
whole special fibre ([L], Ch. 12, §4), and it induces an isomorphism:
CH0(Y )/[Y ]⊗Ql → [CH
0(Y
F
)0 ⊗Ql]
∗Gal(F/F),
where the superscript 0 means the kernel of the degree map.
If ξ is a zero-cycle of degree zero onX and ξ˜ is any lifting of ξ to a codimension
1 cycle on X , then the class of ξ˜ in CH0(Y ) is of total degree zero, where
total degree means the sum of the degrees on each irreducible component of
Y . Hence we can modify ξ˜ by an element of CH0(Y )⊗Ql so that its class in
[CH0(Y
F
)⊗Ql]
∗ is trivial. This proves the lemma in the case of a curve. For
the higher dimensional case, let ξ be an element of CHn(X) ⊗Q of degree
zero. Then passing to a finite extension of k if necessary (if k is not perfect),
we may find a smooth, projective, geometrically connected curve C passing
through ξ ([C], [AK]). Let B be the integral closure of A in L and let C be
a regular proper model of C over B. Then by blowing up, the rational map
C → X may be resolved to get a morphism:
f : C˜ → X ,
with C˜ regular.
Let Z, Y be the special fibres of C˜ and X , respectively. Then the following
diagram commutes:
CH1(C˜)⊗Ql → CH
n(X )⊗Ql
↓ ↓
[CH0(Z
F
)⊗Ql]
∗ → [CH0(Y
F
)⊗Ql]
∗
.
Here the top horizontal map is the push-forward map and the bottom hori-
zontal map is defined as the dual of the pullback map on irreducible compo-
nents.
By the first part of the proof, we can find a cycle ξ˜ in CH1(C˜) ⊗Ql whose
image in CH1(C)⊗Ql is equal to ξ and whose class is trivial in CH
0(Z)⊗Ql.
Pushing ξ˜ to CHn(X ) ⊗ Ql, we get our desired cycle. This completes the
proof of the proposition.
We now prove the two lemmas which were used in the proof of Proposition
3.2.
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Lemma 3.3: Let k be a Henselian discrete valuation field. Assume that the
residue field F is finite or separably closed. Let X be a smooth projective
variety over k. Then the group A0(X) is an extension of a torsion group by
a group which is divisible prime to the characteristic of F.
Proof: As in the latter part of the proof of Proposition 3.2, given any zero-
cycle on X , after passing to a finite extension of k if necessary, we may find a
smooth, projective, geometrically connected curve going through its support.
By an easy norm argument, we see that it suffices to prove the result for the
case of curves. This is implied by the following fact applied to the Jacobian
of the curve:
Fact: Let k be as in the hypothesis of Lemma 3.3 and A an abelian variety
over k. Then the group A(k) is an extension of a finite group by a group
which is divisible prime to the characteristic of F.
This is well-known if the residue field is finite. To see it when the residue
field is separably closed, let A be the Ne´ron model of A over the valuation
ring R of k with special fibre A˜ (see [BLR], Ch. 1, §1.3, Cor. 2 for the
existence of A). Let A0(k) be the subgroup of A(k) consisting of points
which specialize to elements in the connected component of identity A˜0 of
A˜. Then the quotient A(k)/A0(k) is finite. The group A˜0(F) is the group of
points of a connected algebraic group over the separably closed field F, and
hence is divisible prime to the characteristic of F. Let A1(k) be the kernel
of the surjective reduction map:
A0(k)→ A˜0(F).
Then A1(k) is a pro-p group , where p is the characteristic of F. Hence it
is uniquely divisible prime to p. Putting everything together, we get the fact.
Lemma 3.4: Let A be a Henselian local ring with residue field F which
is finite or separably closed. Let X a regular proper flat integral scheme of
dimension n over A with special fibre Y . Let l be a prime number different
from the characteristic of F. Then
(†) H2n(X ,Ql(n))
∼= [CH0(Y
F
)⊗Ql]
∗Gal(F/F),
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where * denotes Ql-dual. The map
CHn(X )→ [CH0(Y
F
)⊗Ql]
∗
obtained by composing this isomorphism with the cycle map in Proposition
2.9 is given by intersecting with components of the geometric special fibre.
Proof: This is known, but I could not find a good reference. By the proper
base change theorem, we have:
H2n(X ,Ql(n)) = H
2n(Y,Ql(n)).
This last group may be easily calculated as follows. Since the e´tale coho-
mology with Ql-coefficients of Y and Yred is the same, we may assume that
Y is reduced. Let Ysing be the singular locus of Y . Then there is an exact
sequence for cohomology with compact support:
...→ H2n−1c (Ysing,Ql(n))→ H
2n
c (Y−Ysing,Ql(n))→ H
2n
c (Y,Ql(n))→ H
2n
c (Ysing,Ql(n)).
First assume that F is separably closed. Then since Ysing is a proper closed
subset of Y , the groups on the ends are zero. By Poincare´ duality for Y−Ysing,
we have:
H2nc (Y − Ysing,Ql(n))
∼= H0(Y − Ysing,Ql)
∗,
and this last group is easily seen to be isomorphic to the Ql-dual of
CH0(Y )⊗Ql. If F is finite, then we have an exact sequence:
0→ H1(F, H2n−1(Y
F
,Ql(n)))→ H
2n(Y,Ql(n))→ H
2n(Y
F
,Ql(n))
Gal(F/F) → 0.
By Deligne’s theorem ([D2], Theorem 3.3.1), the weights of the geometric
Frobenius acting on H2n−1(Y
F
,Ql(n)) are ≤ −1 and hence are nonzero. This
implies that the group on the left is zero. Using what we have just proved
for separably closed residue fields, we get the identification (†). We leave the
rest to the reader.
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Remarks 3.5: (i) If the field k is perfect, then there is no need to pass to a
finite extension in Proposition 3.2.
(ii) It is expected that, at least after tensoring with Q, a cycle of arbitrary
codimension which is homologically equivalent to zero on the generic fibre X
can be lifted to one which is homologically equivalent to zero on any regular
proper model X .
Proposition 3.6: Let k be a function field in one variable over a finite field,
X a smooth, projective variety of dimension n over k and l a prime number
different from char. k. Put
M = H2n−2(X,Q(n)).
Let S be a finite set of places of k including the bad reduction places of X .
Then if z is a zero-cycle in the Albanese kernel T (X)⊗Q,
d2n(z) is contained in the image of
Ker[H2(GS,M)→
⊕
v∈S
H2(kv,M)]
in H2(k,M), where d2n is the map defined in Section 2.
Proof: Let U = SpecOk,S. Then X extends to a smooth, proper scheme XU
over U and we can define a cycle map:
CHn(XU)→ H
2n(XU ,Ql(n)).
Consider the Leray spectral sequence for the morphism f : XU → U :
Hp(U,Rqf∗Ql(n))) =⇒ H
p+q(XU ,Ql(n)).
Here we denote by Rqf∗Ql(n)) the l-adic sheaf obtained from taking the
higher direct images with finite coefficients. Given z we can extend it to a
cycle on XU of codimension n which is of degree zero on each fibre. This
gives a cohomology class Z in
F1 = Ker[H
2n(XU ,Ql(n))→ H
0(U,R2nf∗Ql(n))].
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From the spectral sequence there is a map:
F1 → H
1(U,R2n−1f∗Ql(n)).
Claim: Z is zero in H1(U,R2n−1f∗Ql(n))). To prove the claim, we note that
since z is in the Albanese kernel, its image in H1(k,H2n−1(X,Ql(n))) is zero.
Then our claim follows from the following lemma:
Lemma 3.7: The map:
H1(U,R2n−1f∗Ql(n)))→ H
1(k,H2n−1(X,Ql(n)))
is injective.
Proof: By the smooth and proper base change theorem, the l-adic sheaf
F = R2n−1f∗Ql(n) is locally constant on U . Hence H
1
v (U,F)=0 for any
closed point v of U and this gives the injectivity of the map.
From the spectral sequence and the vanishing of the cohomology class Z in
H1(U,R2n−1f∗Ql(n)), we see that this class comes fromH
2(U,R2n−2f∗Ql(n)) =
H2(GS, H
2n−2(X,Ql(n))). Our task is to show that this cohomology class
vanishes in H2(kv, H
2n−2(X,Ql(n))) for all v in S.
Let Xv be a regular proper model of Xv over Ov. By Proposition 3.2, after
a finite extension of L/kv, we can extend our original cycle z on Xv to an
element of CHn(Xv)⊗Ql in such a way that its cohomology class lies in
H2n(Xv,Ql(n))
0 = Ker[H2n(Xv,Ql(n)→ H
0(Ov, R
2nf∗Ql(n))].
Since the natural map:
H2(kv,M)→ H
2(L,M)
is injective for any Ql-vector space M , it suffices to prove that our cohomol-
ogy class vanishes in H2(L,M).
Lemma 3.8:
H2n(Xv,Ql(n))
0 = 0.
This will prove the proposition.
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Proof: From the Leray spectral sequence for f : Xv → SpecOv, we get the
exact sequence:
0→ H2(Ov, R
2n−2f∗Ql(n)))→ H
2n(Xv,Ql(n))
0 → H1(Ov, R
2n−1f∗Ql(n)))→ 0.
We claim that all three terms of this exact sequence are zero. The group
on the left is zero because Ov has cohomological dimension one for tor-
sion modules, hence for l-adic sheaves. As for the group on the right,
two applications of the proper base change theorem give that it is isomor-
phic to H1(F, H2n−1(Y ,Ql(n))), where Y is the geometric special fibre of
Xv. By Deligne’s theorem ([D2], 3.3.1), the geometric Frobenius acts on
H2n−1(Y ,Ql(n)) with weights which are ≤ −1, hence nonzero. This shows
that the group on the right vanishes and proves the lemma.
4 A Hasse Principle and Completion of the
Proof
In this section we prove a “Hasse” principle in the function field case. In the
case where Frobenius acts semi-simply on H2n−2(X,Ql(n)), this is proven in
Jannsen’s paper ([J2], Theorem 4 and Remark 7). The more general result
given here was shown to me by Jannsen, and I am grateful to him for allow-
ing me to give his proof in this paper. To avoid copying his earlier proof, we
assume some familiarity with his argument.
Theorem 4.1 (Jannsen): Let k be a function field in one variable over a
finite field F of characteristic p and l a prime number different from p. Let
V be a Ql-linear Galois representation of G = Gal(ksep/k) which is pure of
weight -2, and let S be a finite nonempty set of places of k including those
for which the restriction to the decomposition group Gv is ramified. Then
the natural map:
H2(GS, V )→
⊕
v∈S
H2(Gv, V )
is injective.
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Proof: Let Y be a smooth, projective model of k and let U = Y − S, U =
U ×F F and j : U → Y the inclusion. Then by a theorem of Deligne
([D2], 3.4.1(iii)), V is a semi-simple pi1(U)-representation. Then we can write
V = V1
⊕
V2, where pi1(U) acts trivially on V2 and V
pi1(U)
1 = V1 pi1(U) = 0. By
Jannsen’s proof in [J2], the result holds for V1, so we prove it for V2. Let F be
the smooth Ql-sheaf corresponding to V2. Then we have the exact sequence
of cohomology groups:
(∗) ...H2S(Y, j∗F )
g
→ H2(Y, j∗F )→ H
2(U, F )
f
→ H3S(Y, j∗F )→ ...
By excision and the fact that H2(Ov, j∗F ) = H
2(F, (j∗F )F) = 0, we have:
H2(kv, F ) = H
3
v (Ov, j∗F )
for all v ∈ S, and the map f is the localization map. Thus an element of the
kernel of the localization map comes from H2(Y, j∗F ). It will then suffice to
show that the map g in the exact sequence (*) above is surjective.
Let Γ = Gal(F/F) and consider the exact sequence of Γ-modules:
0→ H1(Γ, H1(Y , j∗F ))→ H
2(Y, j∗F )→ H
2(Y , j∗F )
Γ → 0.
By the fundamental theorem of Deligne ([D2], 3.2.3), the Γ-moduleH1(Y , j∗F )
is pure of weight -1, hence the left group is zero. Consider the following dia-
gram:
H2S(Y, j∗F ) → H
2
S
(Y , j∗F )
Γ
↓ ↓
H2(Y, j∗F ) → H
2(Y , j∗F ))
Γ
.
We have just shown that the bottom horizontal map is an isomorphism and
our goal is to show that the left vertical arrow is surjective. Since the top
horizontal map is surjective, it will be enough to prove the surjectivity of the
right vertical map. Let O˜v denote the strict henselization of Ov and k˜v its
fraction field. Then we have:
H1(k˜v, F ) ∼= H
2
v (O˜v, j∗F ).
Now the pro-l-part of the absolute Galois group of k˜ is isomorphic to Zl(1) as
a Γ-module. Then by Pontryagin duality and the fact that pi1(U) is assumed
to act trivially on V2, we have
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H1(k˜v, F )
Γ = (Vˆ2(1)Γ)
∗,
where * denotes Ql-linear dual and Vˆ2 denotes the dual representation. But
by Poincare´ duality, we have:
H2(Y , j∗F )
Γ ∼= (Vˆ2(1)Γ)
∗,
and since S is nonempty, we obviously have injectivity of the dual map:
(Vˆ2(1)Γ)→ [
⊕
v∈S
Vˆ2(1)Γ]
.
This completes the proof of the Theorem.
Now we can prove the main theorem of this paper:
Theorem 4.2: Let X be a smooth, projective, geometrically connected vari-
ety of dimension n over a function field k in one variable over a finite field of
characteristic p, and l a prime number different from p. Assume Hypothesis
3.1 above. Then the map d2n of section 1 is zero.
Proof: Combine Proposition 3.6 and Theorem 4.1, taking V = H2n−2(X,Ql(n)).
Theorem 4.3: Let X be a smooth, projective, geometrically connected sur-
face over a function field in one variable over a finite field of characteristic
p ≥ 5. Then the map d22 is zero.
Proof: Abhyankar [A] has proved resolution of singularities for 3-folds over
an algebraically closed field of characteristic greater than or equal to 5. Given
X , we can pass to a finite extension over which it has a smooth proper model.
Then the kernel of d22 will be killed by the degree of this extension, hence it
is zero.
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Appendix
In this appendix we prove a technical lemma which shows that the Abel-
Jacobi map as defined via the Hochschild-Serre spectral sequence agrees with
the map defined by Kummer theory on Alb(X). This fact is probably known
to several people, but I have been unable to find a reference.
Lemma: Let X be a smooth projective geometrically connected variety of
dimension n over a field k, l a prime number different from char.k. Consider
the map d1n defined in §1 above and the map:
f 1n : A0(X)→ H
1(k,H2n−1(X,Ql(n)))
defined as the composite of the Albanese map
α : A0(X)→ Alb(X)
and the map
Alb(X)→ H1(k,H2n−1(X,Ql(n)))
obtained from Kummer theory on Alb(X). Then d1n = f
1
n.
Proof: First assume that X is a curve. The group A0(X) is generated by
elements of the form corL/k(P −Q), where L is a finite extension of k, P and
Q are rational points of XL and
cor : A0(XL)→ A0(X)
denotes corestriction. Then it suffices to prove that for any such L/k and any
two L-rational points P,Q of X , the two maps above give the same element
in H1(L,H1(X,Zl(1))). We suppress L in what follows. Let z = P −Q, let
Z be its support and U = X−Z. Taking cohomology with support in Z, we
easily get the exact sequence:
(∗) : 0→ H1(X,Z/lm(1))→ H1(U,Z/lm(1))→ Z/lm → 0,
where the last group is generated by the class of z. Jannsen has shown
([J5], Lemma 9.4) that the extension given by (*) gives the element of
H1(k,H1(X,Z/lm(1)) which is associated to P − Q via the map d11. Now
consider the Kummer sequence for Pic0(X):
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0→ H1(X,Z/lm(1))→ Pic0(X)
lm
→ Pic0(X)→ 0,
where the group on the left is identified with the lm-torsion of Pic0(X). As
is well-known, the boundary map:
Pic0(X)G → H1(k,H1(X,Z/lm(1)))
in the G-cohomology of this sequence may be may be obtained by pulling
back the Kummer sequence by the G-map
Z→ Pic0(X)
corresponding to an element y of Pic0(X)G. One easily sees that the pullback
extension is:
(∗∗) : 0→ H1(X,Z/lm(1))→ D → Z→ 0,
where D = {x ∈ Pic0(X) : lmx = ny for somen ∈ Z}. We may define a
G-map
D/lm → H1(U,Z/lm(1))
as follows: Let x ∈ D, let L be the isomorphism class of line bundle associated
to x andM the isomorphism class of line bundle associated to y. Choose an
isomorphism
L⊗l
m
→M⊗n.
Such an isomorphism is unique modulo lm, since if we had two such, then
we would get an isomorphism from OX to itself. Since X is proper, this is
given by an element of k
∗
, and hence must be the identity modulo lm. But
this means that the two isomorphisms were the same modulo lm. Since the
class of y is supported on Z, the restriction of this isomorphism to U gives a
trivialization:
L⊗l
m ∼= OU ,
and this data defines in a canonical way an element of H1(U,Z/lm(1)). It
is easy to verify that via this map, the two extensions (*) and (**) give the
same element of H1(k,H1(X,Z/lm(1))). Note that for this argument, we
have used Zl-coefficients.
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In the case ofX of arbitrary dimension, Poincare´ duality and the Weil pairing
give an identification:
H2n−1(X,Ql(n)) = Vl(Alb(X)).
Now given a zero-cycle z, if k is perfect, we can find a smooth, projective
curve C going through it ([AK], [C]). By functoriality properties of the maps
in question, we can easily reduce to the case of C which we have done above.
If k is not perfect, such a curve C may be found after an inseparable extension
of k. Then an easy restriction-corestriction argument shows that the maps
are the same. This completes the proof of the lemma.
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